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Abstract
A charged static torus-like black hole solution is constructed from the plane-symmetric solution of the Einstein-Maxwell
equations with negative cosmological constant. Each surface of the space-time at constant t and r has a toroidal topology
so that the topology theorem of black holes does not apply to this case.

The black hole is one of the most fascinating structures predicted by general relativity. Many efforts have
been made to understand and find it. In general relativity it has been found that there exists a family of black
holes which are described by four parameters [ I], mass M, angular momentum J, electric charge Q, and the
cosmological constant A (if there exists magnetic charge in nature, then a fifth parameter would be added). The
topology of the space-like cross section of the event horizon of these solutions is S*. Are there any black hole
solutions of Einstein’s field equations whose event horizons have other topologies? Many authors have discussed
this problem [ 2,3]. The topology theorem of black holes has been proved, which, roughly speaking, claims
that the topology of the two-dimensional
event horizon of a black hole is S* provided that the space-time is
asymptotically flat and certain reasonable conditions such as energy conditions hold. The purpose of the present
Letter, however, is to show that there do exist torus-like black hole solutions of the Einstein-Maxwell
equations
with negative cosmological constant.
The Letter proceeds as follows: First, we will construct a torus-like solution of the Einstein-Maxwell
equations. Then we will study the properties of the solution. We will determine the physical meaning of the
integration constants in the solution, investigate the singularity and give the “Penrose diagram” for the solution.
Finally, a brief conclusion and discussion will be given. Throughout the Letter, the units c = G = 1 are used.
Consider the metric
ds* = B(r) dt2 - A(r)

dr2 - r2(dq2 +d$‘),
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where B(r) and A(r) are strictly positive functions. Obviously, ( 1) admits three spacelike Killing vectors
a/>~, a/&& and @/d@ - I&/&D and a time-like Killing vector d/Jr. This implies that (1) may describe the
static plane-symmetric
space-time. For metric ( 1), the general solution of the Einstein-Maxwell
equations with
cosmological constant A is [4,5]

ds2 =

_

;Ar2 _

a+ $
r

1

dt2 _
-iAr2

>

-a/r

+ b2/r2

dr2 - r2(dq2 + dti2),

where a and b are two integration constants to be determined. The metric (2) is of Petrov type D and tends to
the de Sitter metric for positive A and the anti-de Sitter metric for negative A as r + +oo. In particular, when
n = 0, (2) reduces to the Kar metric [ 61.
It is easy to construct a torus-like solution by identifying 40 = 0 with 9 = 27r and Cc,= 0 with $ = 251r in
(2). In other words, (2) may describe a space-time with torus topology. Although the local geometry remains
unchanged in the identification, the global properties of the torus-like space-time are different from those of a
plane-symmetric
space-time. In the following, we will show that (2) is a black hole solution when it represents
a torus-like space-time.
First, we determine the physical meaning of the constants a and b. It is easy to see from the Gauss theorem
that b = (4/r) 1/2Q where Q is the electric charge on the torus, since the non-zero component of the electric
field is El = (47r) -‘/2b/r2 [ 51. Note that the surface used in the Gauss theorem is a torus surrounding r = 0
in the present case rather than a sphere. It can be shown that a is related to the ADM mass of the torus.
Some comments on the ADM mass should be made. The ADM mass is introduced to define the mass of an
isolated system. In the usual cases, the manifolds possess S2 x M2 topologies with M2 some two-dimensional
manifolds such as lR2. Therefore, one considers the 3fl decomposition of the manifold bounded by 21, 22, and
[ tl , t2] x a two-dimensional,
simply-connected
surface, where C 1 and I;2 are the hypersurfaces at tt and t2, and
define the ADM mass of the isolated system from the boundary term for the two-dimensional,
simply-connected
surface in the limit of r ---fcm. In the present case, the topology of the space-time manifold is S x S x M2. In
order to adapt to the symmetry of the space-time, one has to consider, in the 3+1 decomposition, the manifold
bounded by a hypersurface with S x S x [ tl, tz] topology in addition to Zt and 22. Again, one may define a
mass from the boundary term for the two-dimensional
toroidal boundary in the same way as in the usual cases.
This is what we call the ADM mass in the present Letter. The calculation following Ref. [7] shows the ADM
mass M = $-a. Thus, the metric (2) may be rewritten as
ds2 =

_ ;Ar2 _ ?!! + c
n-r
7rr2

dt2 -

1
- iAr2 - 2M/n-r + 4Q2/,rrr2

dr2 - r2 ( dq2 + dti2 ) ,

with 0 ,< p < 2~ (identified with 0) and 0 < (I/ < 2~ (identified with 0).
Next, we should analyze the singularity of (3). The metric (3) becomes singular for

go0

=

_3Ar2 _

?!!!+ !@=
97-r

rrr2

0

(4)

and at r = 0. For negative A, (4) has two positive solutions4,
r*=i{T1/2i

[ -T+2(@+sQ2)“2]“2}

(5)

4 When A > 0, there exists a single positive solution of (4) for any M and Q. It is Q, = f (T’i2 + {-T + 2[T2 + (48/rA)Q*
] ‘1’) ‘/’ ),
where T is given by (7). Incorporating the fact that (3) is not static for large r, it implies that the metric with positive A does not describe
a black hole space-time.
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as long as
0 6 Q* < +(3M4/2+t1)“3,

(6)

where

T={e!z+ [(PC)*+ (!5Q*)2]“2}“3

[(gJ2+ ($Q*)2]1’2}1’3.

+{S-

(7)

The singularities at r* may be removed by use of the retarded coordinate system, (u, r, 8,~)
coordinate system, (u, r, 0,~). The null coordinates, ZJand U, are defined by
u=t-r*,

or the advanced

r+r*,

(8)

where
y* =

dr
J’ -i Ar* - 2GM/n-r

+ 4GQ2/m2

(9)

’

r+ # r_,

When Q2 < i(3M4/2~lA1)‘13,

3
1
r - r+
r* = - ~
log ~
A (
r+ - rI r - r- I

2r + r+ + r-

x arctan

[(r+ tr-)*

+2(r:

+r2_)]1/2

(r++r-)*+r:

Wr-r+I

+( r+-r-)[(r++r-)*+2r$]
+

(r+ + r_)3
4(r+

+ r-)4

+ 2(r:

1

1

7
-

= 2/1 r -

rh

-

6&A

In the retarded and advanced
ds2 =

ds2 =

-$Ar2-z+45

-fnr2-$+4$

(r

(r-+ + r-)2

+ r2

log Ir - r-1

+-r-)[(r++r_)*+2r2]

log~r*+(r++r_)r+(r++r_)*-r+r_I

+ r2)*

1

(10)

r+ = r- =: rh,

When Q* = $(3M4/2rlAl)‘/3,

‘*

-

1
rh

arctan ‘$:,”

coordinate

>

+ &i

systems,

log

(r$rh)*$bi

(r-rh)*

’

(11)

(3) has the form

dU2+2dudr-r*(dq*+d$*),

(12)

du2-2d”dr-r2(dq2+drjt*),

(13)

respectively. They are regular at r+. In fact, the surface with r+ is nothing but the static surface and the event
and Cauchy horizon as will be seen from the Penrose diagram.
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It can be shown that the radial null geodesic equation
(dr/dh)’

is

= p,2,

(14)

where A is the afhne parameter of the null geodesics and pI = gttdt/dA is a constant of motion. For a given pr,
A(r = 0) - A(r) = p-/p,
is finite. After a straightforward calculation, one finds

c ab cd CCd
ab

= $$(M

4Q2/r)2,

-

(15)

where Ca\d is the Weyl tensor. Therefore, all radial null geodesics are incomplete and r = 0 is the s.p. curvature
singularity of the space-time. By the way, the radial time-like geodesics, like those in the Reissner-Nordstrom
space-time, skirt the singularity and emerge in other domains.
We now discuss the “Penrose diagram” of the space-time. The topology of the space-time containing a single
black hole is usually S2 x M* and the Penrose diagrams were invented originally to describe the structures of
the non-trivial two-dimensional
manifold M2. In our case the topology is S x S x M2 and a causal diagram
similar to the usual Penrose diagram describing the structures of the non-trivial manifold M2 should also be
helpful.
Consider the conformal transformation,
ds2 = r2 dS*, and coordinate transformation, I = 1/I, then one obtains

dS2=

- +A-

dU*-2ddudl-

$1’+4$14

(dp2+de2),

(16)

>
dz2 =

-fn-$3+4$14

>

(17)

dv2+2dvdl-(drp2+d+2),

which are regular at I= 0. When Q* < i ( 3M4/2rr]A1)‘13,

define new coordinates

U=arctan(Fp-‘exp{iA(r+-~)[2+(1+(u)~](t--r*)}],
V=arctan(f~-1exp{-~A(r+-r_)[2+(1+cu)2](t+r*)}),

(18)

for the regions r+ < Y and 0 < r < r_
U=arctan(;tp-‘exp{-iA(r+-r_)[2+(1+~)*](t+r*)}),
V=arctan(fp-1exp{-~A(r+-r_)[2+(1+o)2](-t+r*)}),

(19)

for the regions r_ < r < r+, where
p = rT1’2rY(r:

+ r+r_

2

+ r_>

-(1-a)(l+a)3[(l+a)2+21/2[4(l+~)4+2(l+~*)*l

(l+a)4+2(1+(Y*)(l+CY+c?)
[(l +a)2+2cz2][(1

+cu)2+2(1

+c?)]i/2

1Sa
xarctan

[(l +(-u)*+2(1

+&)I’/*

(20)
>

and LY= r-/r+.
The upper sign in (18) and ( 19) corresponds to the regions A, B, C and the lower sign to the
regions A’, B’, C’ in Fig. 1. When Q2 = 2 ( 3M4/2z- A1)1/3, define new coordinates
U = arctan[ -p-l

exp( -u)],

V=arctan[p-‘exp(v)],

(21)

where
P=exp

- ii(t
(

+$J2arctan$JZ--

.

ilog3)
>

(22)
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(sqularity)

Fig.

I. The “Penrose diagram” for the static charged torus-like black hole with r+ = 2r- = 2.

Fig. 2. The “Penrose

diagram”

for the static extremely

charged torus-like

black hole with q, = r+ = r_ = -I/A.

Figs. 1 and 2 are the “Penrose diagrams” for the static charged torus-like black hole. Note that each point
on the diagrams represents a torus rather than a two-sphere. This “Penrose diagram” is similar to that of the
Reissner-Nordstrom
space-time in many important respects: any signals which pass across r = r+ (or r = rh
for the r_ = r+ case) will not be able to get back again to our universe; the singularities are time-like; the
Killing vector a/& is time-like near the singularities; although null geodesics can reach the singularities (hence
incomplete),
no time-like geodesics can; the existence of quite a lot of non-geodetic time-like curves reaching
the singularities does not mean that observers in a rocket-ship with enough fuel can reach there, since the
divergence at the singularities of the norm of the time-like Killing field d/dt implies, according to Ref. [ 81,
that to reach the singularities the rocket-ship must have an infinite amount of fuel.
In conclusion, there exists a static black hole solution of the Einstein-Maxwell
equation, whose event horizon
has S’ x S’ x IF! topology. The existence of such a black hole does not violate the topology theorem since each
surface of this space-time at constant t and r has a toroidal topology which is essentially different from that
of the asymptotically
flat space-times. In other words, the assumption of the theorem is not satisfied. Besides,
one may construct from this torus-like black hole the cylindrically
symmetric “black hole” by undoing the
identification of Cc,= 0 with (CI= 27r [ 93, and construct the plane-symmetric
“black hole” by further undoing
identification of p = 0 with (D= 27r. It might be of interest to study the stability, the quantum effects near the
event horizon, and black hole thermodynamics
of these black holes.
Finally, we would like to make some comments on the physical relevance of the torus-like black hole. First
of all, the Universe might well be multiply-connected
[ lo], in which the torus-like black hole might have been
formed and survived. Secondly, one cannot rule out the possibility, at least at present, that some of the energy
conditions are violated either by the existence of some bizarre matters or by taking into consideration
the
quantum effects of matter fields. Therefore, it is not impossible that a torus-like black hole has been connected
in some strange way to an asymptotically flat space-time to form an asymptotically flat space-time containing
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a torus-like black hole. As the last comment,
neglected when gravity is quantized.

the tunnelling

effects between different topologies
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