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1 Introduction

In a recent work, a new representation of the perturbative S-matrix, known as Q-cut rep-
resentation, was proposed [1]. It allows one to write the integrand of loop amplitude as
summation of products of lower-point tree-level amplitudes with deformed loop momenta.
For generic n-point one-loop integrand with all massless external legs, the new representa-
tion takes the form,
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where ¢ = ar(f +n), lp = 0, — Py, with af, = P2/(2¢- P) # 0, n? = 2. As will be
reviewed shortly, two deformations have been applied to the loop momentum ¢: firstly
the dimensional deformation ¢ — ¢ 4+ n with 7 in extra dimensions, and secondly the
scale deformation ¢ — «af. The details of the one-loop Q-cut construction was further
clarified in [2], and generalizations to two loops or more was also illustrated in [1]. The O-
cut representation circumvented two difficulties in the attempt for recursive construction of
loop integrand: canonical definition of loop momentum and the singularities in the forward
limit (which will be referred to as forward singularities). On the other hand, the integration
over loop momentum with such integrand still requires more systematic investigations.
The Q-cut representation was partly inspired by the work [3] and finds direct appli-
cation in the study of writing one-loop amplitudes based on the Riemann sphere [4-6],!

In the scattering equation formalism [7-11], loop integrands for super-gravity and super-Yang-Mills
amplitude has formerly been proposed [3], since in these theories there is no forward singularity.



and very recently in an extension to two-loop supersymmetric amplitudes from Riemann
sphere [12]. Another work also reports similar one-loop integrand expansion while investi-
gating elliptic scattering equations at one-loop level [13], based on an earlier work on the
A scattering equation [14]. The idea in the Q-cut construction also inspires some thoughts
in the other approach of constructing one-loop amplitude [15], as well as the construction
of two-loop planar integrand of cubic scalar theory [16]. These works have shown the
universality and importance of Q-cut representation for loop integrands in general.

After the discovery of Britto-Cachazo-Feng-Witten(BCFW) recursion relations for
tree-level amplitudes [17, 18], it is very natural to ask if one can construct loop integrands
in a similar, recursive way. The key for the progress lies in expressing planar loop inte-
grands from forward limits of tree amplitudes [19-21], which has been very successful for
cases without forward singularities, such as super-Yang-Mills at one loop and planar N' = 4
SYM to all loops [20]. However, for general theories the afore-mentioned difficulties have
only been resolved in the Q-cut construction. These works have indicated clearly that for
generic loop integrands, BCFW deformation has to be applied with extra care, especially
due to the presence of forward singularities. In the Q-cut construction, the dimensional
deformation transforms one-loop integrand into tree diagrams, while the scale deformation
has avoided the forward singularities by excluding the tree diagrams that corresponding to
one-loop tadpole and massless bubble contributions, which should not be presented in the
final amplitude.

Both recursion relations and Q-cut approach to the construction of loop integrands in
general theories are promising but with some unsatisfying features: the O-cut representa-
tion has non-standard propagators, while it is not clear how to remove forward singularities
in general in recursion relations. Thus it is natural to see if by combining the two methods
to make further progress. In this note, we will initiate the study along this direction. We
would like to see if there is another way to deal with forward singularities and how much
can we learn about the structure of one-loop integrands from both recursion and Q-cut
viewpoints.

This paper is structured as follows. In section 2, we illustrate the application of
BCFW deformation in the Q-cut construction, and present a recursive formula for one-
loop integrand. In section 3, we explain the details of the recursive formula by three
examples, and confirm the validity of the results by comparing with results from one-loop
Feynman diagrams and those from the Q-cut construction. We conclude in section 4.

2 The derivation of recursion relation

Let us first recall the original derivation of Q-cut representation in [1]. After imposing the
dimensional deformation ¢ — £+ as well as the shift £ — ¢+ P for loop momentum, the n-
point one-loop integrand Z<(¢) becomes essentially the (n + 2)-point tree-level amplitude
T (¢), on the condition 2 = 0. Then by scale deformation ¢ — «f, and by removing
diagrams that contribute to one-loop tadpoles and massless bubbles appropriately, one
gets the one-loop integrand. Since BCFW recursion has been applied to the computation
of ordinary tree-level amplitudes, this naturally motivates us to consider the possibility



of constructing the (n + 2)-point tree-level amplitude7 (¢) using the recursion. Here we
present a derivation of the recursive representation for one-loop integrand following the
afore-mentioned motivation. The derivation will take three steps, as follows.

2.1 Step one: dimensional deformation

Just like the original Q-cut construction [1], the first step of the derivation is to reformu-
late one-loop integrand in terms of tree-level amplitudes. We take the same dimensional
deformation ¢ — ¢ 4+ n as in [1] and also the loop momentum shifting, to arrive at

Alloop _ / P10, 190 = %27‘9(6) . (2.1)

Some explanations are in order for (2.1). Firstly, from the dimensional deformation, it is
known that 7 is given by those Feynman diagrams with n external legs and two extra
legs by cutting an internal propagator. Thus 79 is defined on the condition £2 = 0, which
says that all £ in 79 should be understood as the null momentum in higher dimension.
Furthermore, 79 is not exactly the full (n + 2)-point tree-level amplitude, since in order
to reconstruct the one-loop integrand, some diagrams should be excluded. Such tree-level
diagrams correspond to one-loop tadpole and massless bubble diagrams with single cuts.
From Feynman diagrams one can inspect that, a tadpole after single cut will produce tree
diagrams with ¢, —¢ attaching to the same vertex,? while massless bubble diagram with the
massless leg p; after single cut will produce tree diagrams with ¢,p; (or —¢, p;) attaching
to the same three-point vertex, and then meeting —¢ (or ¢) in the neighboring vertex. The
above scenery would help us to exclude corresponding tree diagrams in the following steps.

Next let us take a look at the contributing tree diagrams to 7<. If the theory under
consideration is not color-ordered, we shall consider the full (n+ 2)-point on-shell tree-level
Feynman diagrams after removing those corresponding to the one-loop tadpole and massless
bubbles. While if it is color-ordered, the 7< gets contribution from n different color-
ordered tree diagrams, each by breaking an internal line of the n propagators. Since there
are n different color orderings, we can calculate each one independently, for example, using
different methods (such as Feynman diagrams or BCFW recursion relations) or different
deformations in BCFW recursion relations.

A final remark says that, the loop momentum shifting in expression (2.1) makes a
canonical definition of loop momentum, such that the integrand is irrelevant to the labeling
of ¢ for internal propagators.

2.2 Step two: BCFW deformation

Now let us turn to 7<, and our aim is to determine it by BCFW deformation. Since it
is effectively tree-level amplitude but with forward singularity removed, the analysis on
the large z behavior would be the same and the computation should be straightforward.
Let us, for generality, take two arbitrary momenta p;, p; (but not ¢, —¢) and perform the
standard BCFW deformation

Di=pitzq, Pj=pj—z¢ with ¢=q-p=q¢-p;=0. (2.2)

2Here ¢, —¢ denotes two legs by breaking an internal line.



Such deformation can be realized when the dimension D > 4. In this case, 72 becomes
an analytic function of external momenta p;’s, loop momentum ¢ and a complex variable
z. As usual, we can consider the contour integration

1oy, (23)
r z

where the contour I' is a very large circle. This integration leads to

TQ(ZZO):BJrZCQ, (2.4)

Z=Zy

where the sum is over all finite pole z,’s of T, and B is possible boundary contribution.
It is well-known for tree-level amplitudes that for Yang-Mills and gravity theories, the
BCFW deformation can be chosen such that the boundary contribution vanishes. While
for some other theories, the boundary contribution would appear and require more careful
analysis [22-30]. Here we shall assume B = 0 for simplicity (but the similar consideration
can be generalized to the case with non-zero boundary contributions). Thus the only
information we need for computing 7< by means of expression (2.4) is the pole structure
of function 7<(2).

The BCFW deformation splits a tree amplitude into two parts, with the shifted mo-
menta p;, p; locating in each part. Assuming IA{W = p; + P, is the sum of all momenta in
the part containing p;, and K, = p; + P,. From IA(?/ = 0 we get zy = —K%/(Qq - K,).
Now let us consider the two extra legs ¢, —¢. If they are in the same part, K, will have no
dependence on /, thus also the pole z,. We shall denote the corresponding contribution as
R%. While if ¢, —¢ are separated in two parts, K, as well as z, would depend on /. We
shall denote the corresponding contribution as R%. So we have

Te=R$+RE. (2.5)
For the contribution RQ, we can further organize it into two parts,
RY=R3,+R3,. (2.6)

R%l denotes the contribution where legs ¢, —¢ are in the part containing p;, while R%z
denotes the contribution where legs ¢, —¢ are in the part containing p;. Explicitly, we have

R3 =D A=), {7} — K () . T(K, (), 5i(2): {8}, 6,—0),  (2.7)

K2
hyy K5
where
(Py + pi)? >
Z’Y:_W’ K,),(Z,),):P7+pi+z,yq,

as well as Di(zy) = pi + 244, Dj(27) = pj — 299, and {7y} U {8} = {1,2,....,n}/{i,j}.
Similarly,

RS, = T, ~,{y},bi(2s), —f%(zm);émf?ﬁh(zm, {8}.5(28)),  (28)
h,B



where

(Ps + pj)? =
2 = ﬁ, Kp(zp) = —(Ps +pj — 28q) -

Note that the sum is over all possible splitting of (n — 2) legs {1,2,...,n}/{i,j} and
helicities. Also note that inside the bracket A(e), 7 (o) we have explicitly labeled all the legs
in each part but not the ordering of legs. The color-ordering of legs should be understood
with respect to their corresponding theories.

Now let us take a more careful look on expressions (2.7) and (2.8). Firstly, the 7 part in
R%J, R%}Q will be lower-point on-shell tree diagrams after excluding those corresponding to
tadpole and bubble diagrams. This means that when dressing with é%, they would become
lower-point one-loop integrand, which can be obtained by any legitimate methods, such as
the original Q-cut construction or Feynman diagram method with partial fraction identity.
One important implication is that the forward singularities in the type R4 have been
automatically removed after using the well-defined one-loop integrands of lower points.
Secondly, for R%,l? the number of legs in set {7} must be at least one, in order for the
amplitude to be non-vanishing. Naively, the number of legs in set {} could also be zero.
However, when it is so, the tree diagrams of 7 are exactly those corresponding to tadpole
and massless bubbles, which need to be excluded. So {8} could not be empty set. Similarly
for R%,Q? the number of legs in sets {7}, {5} should at least be one.

Now let us analyze the contribution Rg. We can also organize it into two parts,
Q_ pQ Q
Rp=Rpg1+Rp, - (2.9)

R% | denotes the contribution where leg ¢ is in the part containing p;, while R% 5 denotes
the contribution where leg /£ is in the part containing p;, explicitly as

N = 1 ~_ ~
RZ1 =D T,pi(z) {7}, —Kﬁ(zv))ﬁT(K7 "(29),D(29), {8}, —0) (2.10)
hyy v
where
(P'y +pi + 6)2 >

Z’Y 2(] (P»y—‘l—f) ) ’7(2’7) ’Y+pl + +Z’Yq’

and {7} U{8} = {1,2,...,n}/{i,j}. While

LT(R (), 5i(), (81,0, (211)

Rg,Q = Z T(_guﬁi(z'\/)v {7}7 _Kg(zv))ﬁ
Y

hyy
where

(Py +pi — 5)2

2y 2 (P — () v(2y) vt pi + 2vq

Some discussions are in order for expressions (2.10) and (2.11). Notice that we have used
T instead of tree-level amplitude A, since in this stage potential contributions coming from



corresponding to tadpole and bubble diagrams in R%l, R%Q should be excluded. Recalling
our discussion on the excluded diagrams in the previous subsection, we can conclude that,
since ¢, —¢ are separated into two parts, there could not be diagrams corresponding to
one-loop tadpoles, while diagrams corresponding to massless bubbles? do exist in R%,l and
R%Q when the set {7} or {8} is empty. In other words, forward singularities corresponding
to tadpoles have been avoided in type Rp. Combining the discussions for type R4, we
see that we can remove forward singularities corresponding to tadpoles without using scale
deformation as is done in the Q-cut construction. However, forward singularities that
corresponding to massless bubbles are more difficult to deal with and we will organize
’R%J into three contributions

R%,l =Rp1+Re1+RE; - (2.12)

31 denotes the contribution of the case when both {7} and {8} are not empty, so
forward singularities corresponding to massless bubbles will not appear and there will be
no excluded diagrams. Thus the 7 is exactly the tree amplitude and we have

1<]y|<n—3
b= D AWGR(), ) KA ) g AR (20), i), 1), -0, (213)
v,h v

where the sum is over all helicities and possible splitting of external legs with the length
of set {7} satisfying 1 < |y| < n — 3. This is to ensure that there is at least one leg in
set {7}, {8}, )

1 denotes the special case when set {y} = 0. In this case, 7(¢,p;, {7}, —K;)
becomes a three-point amplitude, and we get explicitly

. - 1 = .
/é,l = Z A(£7pi(z’y)7 _KQ(Z’Y))WT(KV h(z’y)7pj(z’y)7 {B}a _E) ) (214)
h i
where
2p; - ¢ =
Z’y:_2q~f’ KV(ZV):E+pi+z’YQ7

and {8} ={1,2,...,n}/{i,j}. ~
%1 denotes the special case when set {8} = 0. In this case, T(K,p;, {8}, —¢)
becomes a three-point amplitude, and we get explicitly

N = 1 S N
%’,1 = Z T, pi(2y), {7}, —Kﬁ(zw))mA(Ky h(zv),pj(zw), —0), (2.15)
h J
where
2p; -l ~
Ay = 2(;' 7 Ky(zy) = =(pj =0 = 2yq) , (2.16)

and {v} ={1,2,...,n}/{i,7}.

3We need to distinguish massless bubble from massive bubble. The latter is allowed for one-loop dia-

grams.



Similarly, we can also organize R% 5 into three parts,
Rg,z =Rpa+Rpa+REa, (2.17)
just as it is defined for R% 1, but changing ¢ — —¢. Explicitly, we have

B2=Rpales—t, (2.18)

and /1,3,2 = Rﬁé,ﬂf%%a R/é/g = g,ﬂéﬁ%‘

There is an important observation. If we consider the color-ordered integrand, we
can choose the deformation pair (7,j) such that ¢, —¢ are not nearly with the deformed
momenta. Thus the contributions of ’]’372, ’]’371, ’,@’72 and ’,@’71 do not exist. As we will
discuss in the following subsection, the remaining forward singularities that corresponding
to massless bubbles are exactly in those four terms. In other words, with a proper choice
of deformation pair, we can naturally avoid forward singularities without further using the

scale deformation.

2.3 Step three: scale deformation

In the previous subsection we have expressed 7< as
T = 'R% + RS 7 (2.19)

where RS = R%J + R%Q given in expressions (2.7), (2.8) respectively, and Rg = jol +
73%2, with 721%1 = R, + R%, + RE, given in expressions (2.13), (2.14), (2.15), and
R%’Q = Rpy + Rpy + Rp, by changing £ — —¢ of R%l. In each R expression there
would be T functions, and we should identify them. The 7T functions are determined
by removing tree diagrams that corresponding to tadpole and massless bubbles. In the
previous subsections, we have presented some discussions on this point, but the complete
resolution will be provided in this subsection. In fact, as we have pointed out, the only left
forward singularities are those in terms R’ |, Rg ; and R 5, Rg 5. To deal with them, we
use the scale deformation.

Before giving a careful discussion, let us take a look on R%,p R%J. When multiplying
e% with 7 in (2.7), (2.8), it trivially becomes one-loop integrand of the original Q-cut
representation with BCFW-deformed momenta. Thus we can identify them as

R% 1 . - 1 = ~
627 - Z A(pi(Z’Y)a {7}7 _Kfyl(zW))?’%IQ(Kfy h(27)7pj(zv)7 {5}767 _6) ) (2'20)
hyy
where z, = — (I;”quiﬁ, IA{W(zW) = P, + p; + 2yq. Similarly,
R% 2 Q =~ i>h 1 >—h ~
£27 = ZI (f, =, {7}7pi(zﬁ)v _K,B (Zﬂ))ng(Kﬁ (Zﬁ)v {ﬁ}vpj(zﬂ)) ) (2'21)
h.B
where z3 = (F;B;g;)Q, IAQg(zB) = —(Ps + p; + 23q). Here I9's are lower-point one-loop

integrands from Q-cut representation, and A’s are lower-point tree amplitudes. In fact,



the one-loop integrand in (2.20) and (2.21) does not need to be in Q-cut representation,
i.e., any representation, such as the one obtained by Feynman diagrams, should be fine.
Thus these two terms can be expressed as summation over products of lower-point one-loop
integrand and tree amplitude. For other two terms Rz 1, Rl 5, it has already been shown
in (2.13) that they are summation over products of two lower-point tree amplitudes. The
important point is that for these two terms, the loop momentum ¢ is not scaled.

Now let us focus on the special cases R |, Rg 1, Rp 5, R o, and specifically take R

b = ARz~ R g TR ), By ) (1 om} 11 —0) (222

as example. We need to exclude the contribution of massless bubbles from it. In order

to do so, let us introduce a scale deformation ¢ — «af as is done in the original O-cut

construction. Since z, = — 2p T the scale deformation will not change the location of pole

2. Hence we can write R'. , as
Y B,1

@)= At i) =Rl o ) g TR ) Do) =),

7
(2.23)
where I?,Y(Z,y, a) = al 4+ p; + 24q.
Let us have a more detailed discussion on the T(I?W,ﬁj,{l,...,n}/{i,j},—af)
of (2.23). The on-shell condition of I?A, is manifestly satisfied for any value of «, since
(remembering that ¢ - p; = 0)

~ il \? 2p; - 4
2 J %
K= <a€ +pi — q) =a2p;-0) —a(2q- L) =0. (2.24)

2q -4 2q -/
Having verified the on-shell condition, let us concentrate on the pole structure. We will
divide poles into three categories. If the pole does not contain —af and K., then it could

either be the sum P of some ordinary external legs, or the one containing p; = p; + 2 2q ) q

For the latter case, we have

Qpi'g

2p;i € 2((P*+2P-pj)g+ (2P - q)pi) - ¢
2q -4 |

200 2q -4

2
a<P +pj + q) = (P*+2P-p;)+(2P-q)
(2.25)
So this pole is in the scale free form. Similarly, if p; appears in the numerator, it will give
a contribution of ¢- £ in the denominator. Anyway it is also in the scale free form. In other
words, these poles does not depend on « under the scale deformation.
If the pole contains —a/ or I?v = al + p;, we can always use momentum conservation

to rewrite K as the leg —af, so that the pole is in the form containing —af. For these

cases, we can have either (P — af)? = P? — (2P - /) leading to a finite pole ap = %, or
(P+pj— 2y —al)? = PP+ 2P -p; + (2P - q)zy — 2a(P +p; +pi) - £, (2.26)
leading to a finite pole
P24+ 2P -p;+ (2P
ap= D2 H2P 0+ (2P )z (2.27)

2(P+p;i+pj)- L

Note that both solutions depend on the loop momentum £.



If the pole contains both —af and K , then it has no dependence on «. This case
contains the contribution corresponding to massless bubbles which should be excluded. To
see this, let us recall that for the tree diagram that corresponding to massless bubbles
with massless external leg p;, the legs £, p; are attached to the same three-point vertex,
then they meet leg —¢ in the neighboring vertex. Explicitly for the tree diagrams of
’T(IA(,]?]-,{L ...,n}/{i,j},—€), it corresponds to the diagrams where legs K and —( are
attached to the same vertex.? This means that the terms corresponding to the massless
bubbles are included in the boundary part.

Having understood poles of above three categories, we can now consider the following
contour integration

7{ dalT(I?,y(z,y,a),ﬁj(zv),{1,2,...,n}/{i,j},—aﬁ)

a —
B j{ do N(—at,pj)
Q& — 1 H)\l (P)\l +p.7 - nyq)Q H)‘Z (P)\Q - ae)Q H)\g (PAS +p] - Z’Yq - ag)Q ’
(2.28)

where in the second line we have explicitly written down the above mentioned subtle factors
in the denominator. Now we consider its various pole contributions,

e The pole a =1 gives the full un-deformed tree amplitude.

e There are poles at a = 0. Such poles will appear for the propagator (Py, —af)? when
PAQ2 = 0. The other pole (P, + pj — 2yq — af)? can not contribute to oo = 0 pole for
generic momentum configuration. From expression (2.28) we know that the residue
at a = 0 is scale free term and we can ignore them. Note that for this argument
to be true, we have assumed the factor A(al, pi(zy), —IA(W(zW, «)) in (2.23) would not
provide denominator that breaking the scale free form.

e For the pole at @ = o0, it contains the contribution from massless bubbles, which
should be excluded. However, It also contains other contributions which should be in-
cluded in the final result. But inspecting the expression (2.28), it can be checked that
all such contributions are scale free terms, and we can exclude all the contributions
at a = 00, letting the result to be valid up to some scale free terms.

With above consideration, we can claim that, the contributions of finite « poles are the
ones wee need for constructing the one-loop integrands, without the contributions that
corresponding to tadpole and massless bubbles, and valid up to some scale free terms.
Thus we can write T (K (zy,a),pj(zy),{1,2,...,n}/{i,j}, —al) as

1

——— S A(-K} AV, —and), (2.2
Pf—QPA-E( x (@), 1A} —and), (2:29)

T= 3 ARz, a0, {8} K3 (an))

h! A€ P20

41t is easy to see that if we perform the scale deformation ¢ — &/, such terms will not contain « in the
denominator.



2 A~
where ay = g5y, Ka(an) = Py — axl, {8 U{\} = {1,2,...,n}/{i,j} + {j}, and the
summation is over all possible splitting of {1,2,...,n}/{i,j} +{j}, but with the condition
P} =0, which means that the set {\} should have more than one external leg.

With above result, we can finally write the R%m as

1 ! 1 !
B 1_§ A 7p17 Kh) § : A h {/3} K h ) 2 A(_K;\l 7{)\}7_O‘A£) ’
20-p P/\—2P>\~€
h' AePZF#£0
(2.30)
where
T T T ap

and]/)\i = pi—{_z'yqa I?'y = a)\£+pi+z’YQ7 K/\ = P)\_a>\£7 {5}U{>\} = {13 27 s 7n}/{7’a]}+{3\}
Similarly, we have

/ 1 Y = 1 N
5,1 = Z( Z Aaxtl,{A}, KA )m (KAh 7{5}7K3)) ol p; A(K’y hapg, 0),
J

h \ W AEP2#£0
(2.31)
where

2p;j - ¢ N P}
2N = = —
YT g0 AT Top 0’

and 1/)\] = Pj—%~4, K)\ = P)\+a/\£7 K’y = _a)\g""pj_z"/Q7 {)‘}U{B} = {1,2,,n}/{2,j}+{;}
We also have

B 2 = RB 1|€e £ /Jg,z - mﬂfa L - (2-32)

To summarize, by BCFW deformation, we have expressed the n-point one-loop inte-
grand recursively as

Tn = E%(R% +RE), (2.33)
where RS = R%,l +RA%2, and e%RAQ,l’ 5%731%2 are defined as formulas (2.20), (2.21) respec-
tively, which are summation of products of lower-point tree amplitude with low-point one-
loop integrand of Q-cut construction. Also, RS = Rp1+RE1+RE 1+ Rp 2+ Rp 2+ RE o
Among which, R |, Rz, are defined in formulas (2.13), (2.18) respectively, Wthh are
summation of products of two lower-point tree amplitudes, and R ;, Rz, R 5, RS 5 are
defined in formulas (2.30), (2.31), (2.32) respectively, which are although products of three
lower-point tree amplitudes, but one of them is the three-point amplitude. It is also impor-
tant to notice how the forward singularities have been removed in various terms by various
methods.

~10 -



P2 D3

Doy

b1 P4

P D5

Figure 1. Feynman diagrams of color-ordered one-loop six-point amplitude in scalar ¢* the-
ory. There are two triangle diagrams and twelve bubble diagrams with {o1,...,04} € Cyclic{1, 2,
3,4,5,6}.

3 Some examples

In the previous section, we have presented a recursive formula for one-loop integrand con-
struction, based on the BCFW deformation and Q-cut construction. This new construction
shows that there are other ways to write down a well-defined one-loop integrand which is
valid up to scale free terms. The recursive formula (2.33) has given an alternative factor-
ization of one-loop integrand, and it should be equivalent to the result of original Q-cut
representation or Feynman diagram method, at least up to some scale free terms. For a
better understanding of this recursive formula, in this section, we shall present detailed
computation of some one-loop integrands by recursive formula (2.33), and demonstrate
their correspondence with results of original Q-cut construction and Feynman diagram
methods.

3.1 The one-loop six-point amplitude in scalar ¢* theory

In this example we consider the integrand of one-loop six-point amplitude in color ordered
scalar ¢* theory. For this theory, there is no cubic vertex, so the computation is relatively
simple since we do not need to use the scale deformation to remove singular terms. After
using appropriate BCFW deformation to get rid of boundary contribution, we need to
consider contributions from all detectable finite poles of both R% and R%. In order to
verify the equivalence term by term, we will compute the integrand by Feynman diagram
method, the original Q-cut representation and the recursive formula (2.33).

Feynman diagram method. There are in total fourteen Feynman diagrams as shown
in figure 1.

Using the Feynman rules, we directly get

1 1
+
20— p12)?(€ — p1a3a)?  L2(€ — pe1)2 (L — pe123)*
1 1 1 1

+ + for o € Cyclic{1,2,3,4,5,6} .
Ez(g _p0'10'2)2 pg‘30'40‘5 62(£_p0'10'2)2 pg‘40‘50'6

77 =

(3.1)

- 11 -



Applying the partial fraction identity

1 o 1
— =) = — |, 3.2
Dy---D,, ;Di jl;[iDj—Di (3.2)

we can rewrite above result as

7 = { 1
02(—20-p12+pty) (—20-p123a+pros,)

—|—Cyclic{1,2,3,4,5,6}}

1 1
+ + + +Cyclic{1,2,3,4,5,6 } .
{<f2(—25'P12+P%2) 52(—2€'p3456+19§456)> <p§45 p42156> { J
(3.3)

When expanded, the first line contains 6 terms from triangle diagrams, and the second line
contains 4 x 6 = 24 terms from bubble diagrams.

The 9Q-cut representation. The integrand is given by

1
2(=2€ - p1a + ply)
1
02(=20 - p123a + Piaza)

72 = Ay(1.2,0p,—11) As(lr,—Cr,3,4,5,6)

~ + Cyclic{1,2,3,4,5,6}

Z:alzl

+ A6(17273a45ZRa72\L> A4(ZL572R7576)

+ Cyclic{1,2,3,4,5,6},

l=ai234¢

2 2
Piyig DPiyigigig

Qi —
20-pip i, 1020304 20-piigigiy

where a4, = and 2 = 0. The six-point tree-level amplitude

in general dimension is

1 1

1
As(1,2,3,4,5,6) = —— + (3.4)

2 2 :
D123 P23a P3ss
Inserting it back to above expression and rearranging some terms by cyclic invariance, we
get explicitly

79 — { < 20 - p1o _ 20 pr23a ) !
(=20 p12+piy) (=20 prosa +Diaze) ) —(20- prasa)pia + (20 p12)piagy
1 1
+ Cyclic{1,2,3,4,5,6 }+{< + >
{ t 02(—20 - p1a +ply)  02(—20 - prazs + PPozy)
1 1

. (2 + 2) + Cyclic{1,2,3,4,5,6}} : (35)

D345 Piase

The second line contains 24 terms, which is identical to the second line of result (3.3) by
Feynman diagram method. The first line contains 12 terms and can be organized as 6
pairs. The sum of each pair leads to

(20-p12) (—20-pr23a+D3934) — (20-p1234) (—20-p12+D7,) 1 n
02(—20-p12+p2y) (—20-p1234+DP3o3,) —(20-p1234) P39+ (20-p12) P393,
1
- 4 Cyclic{1,2,3,4,5,6} (3.6)

2 (=20-p1o+pTy) (—20-p123a+piagy)

which equals to the 6 terms in the first line of result (3.3) by Feynman diagram method.
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Recursive formula. Now let us discuss the recursive construction of 7< and the inte-
grand Z = K%TQ. Because of the ¢* theory, in this example only R% 1) R% ,and R 1, R,
will contribute to the final integrand, while the contributions %71, ’é”l, %72, ’,@”2 are
vanishing since the three-point amplitude vanishes. Since we are considering color-ordered

amplitude, 7< will be the sum of six diagrams,

T2 =T,2(0,—4,1,2,3,4,5,6) + T,2(¢, —£,2,3,4,5,6,1) + T:2(£, —¢, 3,4,5,6,1,2)

+ 721@(67 _ga 47 57 67 17 2a 3) + 7-5Q(£7 _67 57 67 17 27 37 4) + 7-69(67 _67 67 17 27 37 47 5) ’
(3.7)

where in each diagram, one internal line has been cut. In order to avoid boundary contri-
bution, the two momenta to be deformed should at least be separated by two legs. So we
can take the BCFW deformation as

pr=p1+2q,  Ps=ps—2q, ¢ =pra-q=0. (3.8)
Note that we are not necessary to take the same deformation for all 7;Q’s. In the practical
computation, we can take the most convenient BCFW deformation for each ’EQ. But here

we use the same deformation for demonstration. Under this deformation, we then compute
the non-vanishing BCFW terms for each 7;9. Let us define

Plas P3s1 . P12 L E20-piatpiy

—5 T, ”561 = —
2q - p123 2q - pse1

2q - pe12 12 2q - (p12 £0)
(3.9)

2123

o A2epatpl o R2epspls L E20pa 4
T2 (patl) T 2¢- (pis £0) 7 O 2q - (pe1 £ 1)

(3.10)

For tree diagram of TlQ, there would be five contributing terms under this deformation.
The first is a R% ,-type contribution,

TS = Au(1,2,0p, —l1)———5Aa(lr, —CR, 3, P)——As(—P,4,5,6)
—2€ - py, + 15, Dia3
1 1

= (3.11)
—20-pyy + p% Pla

2123

where P is understood to follow the momentum conservation of each sub-amplitude, and
2

z = 2193, @ = 25;2@ s The second is a R%’l—type contribution,
o ~ ~ 1 N N 1 ~ o~
7-12 = A4(172737P)TA4(_P7 4a€R7 _KL) Y 5 A4(€L,—£R,5,6)
D123 "Pp1 T Ppy
1 1 1 1

= = , (3.12)
p%23 20 - psg + p%c} —20 - p1234 + p%234 p%zg
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2
where z = 2193, & = — 5226, The third is a R% ,-type contribution,

"~ 20pse
713 = A4(1a 2, ER, _EL)—2A4(€L7 _éRa P, 6)TA4(_P7 3,4, 5)
=20 pry + 13, De12
1 1
=~ — 7 (3.13)
Piz2 T Py, Porz 2612
2
where z = zg12, @ = 25;{ . The fourth is a R% 1-type contribution,
12 1z612 ’
7-1% - -A4(/1\7 ﬁ7ZR7_ZL) ! P A4(ZL7_ER7576)QLA4(_ﬁ727371)
—20-pip +P3p P561
1 1 1 1
- 7 3 IR (3.14)
20 - ps6 + P56 Prg1 —20 - P123a + Plasy Pser
2
where z = 2561, a = —25 ";)656. Finally, the fifth is a R}BQ contribution,
~ o~ 1 ~ o~ 1 1 1 1
T8 = Au(—0,1,2,P)———A¢(—P,3,4,5,6,0) = ——— | 0—+——+——
15 = Adl o2 )= Gntp (2{3@5 P2, (€+p56)2> P
B 1 1 1 1 1 1

—— | =] +
—20p1atpia Py | —20pratpi P —20-p1o+pTy —20-p123atpias,
12

%12

=T+ 152+ 35, (3.15)

where z = 2z,.

So for 7'19, in total we get seven terms. Let us see how these seven terms is corre-
sponding to the terms in Q-cut representation. Tl% Tl% and 7‘1%’3 are evaluated with the
un-deformed momenta. It is simple to see that 6%7'1%73 corresponds to a term in the first
line of (3.3), while E%Tlg, 6%7'1% also have their equivalent terms in the second line of (3.3),

1 1 1 1
S(TS+T3) = < - ) : 3.16
gz( 2 1) 02(—20 - p1o3s + p%234) p%23 p§34 ( )

There are also four terms 7,3, 7,5, 7'1%71, 7'1%2 evaluated with deformed momenta. We have

1 1
—20-pyy + p?fg Pis6

1 1
—20 - p12 + py p%56

T3+ 71%2 =

Z123 212
1 1
~ Pss (<20 p1a + ply) + a2 —200,2
1 1
(=2¢- p12 + piy) Pise + (Zqiﬁf;q-é) (=2¢-p1z +pl) ,
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as well as

1 1 1 1
T8+ Tig: = T
; —26-1%124-]9%219345 . —2€~p12+p%2p315 25,
=— 1o—20-0
P345 (=2€ - pra + piy) + %7342;)17345
1 1
+(_2£. +p2y) p2 __29psas _(_9p. 2.y
P12 T P12) p3g5 + (2q~p12—2q~£)( P12 + Pia)
Using the identity
1 1 1
4F = -, 3.]_7
AB-MA)  B(A-1B) 4B (317
we arrive at
1 1 1 1
(TS + T2+ TS5+ T2 = < + > (3.18)
2 T2 TS T 2(220  pio 4+ pdy) \Phas Phse

The above computation shows the one-to-one correspondence between the results of Feyn-
man diagram method and the recursive formula. The contribution of %27’19 is equivalent
to the terms in (3.3) with a specific cyclic permutation.

Similarly, we can also check the equivalence of the other five ’EQ with the terms in (3.3)
of the other cyclic permutation. For tree diagram of 7'2Q, there would also be five contribut-
ing terms. The first is a R%z—type contribution,

PO 1 ~ o~ o~ 1 ~ 1 1
T2 = Au(2.30p,~lr)—;——As(lr,~lr,P.1) —Au(~P45,6) = :
! —20-p23 +p%3 p%zg —20-p23 +p§3 p%zg
2
where z = z193, a = 25 ;323. The second is a R%,Q—type contribution,
T8 = Au(2,P T —T1) AT~ 00,6T) —— As(— P35 L L
- 4 bl b R7_ L Y 4 L7_ R’ ) R 4 - b Bt} =T, . . 92 5 )
* —2€-p213+p§13 Pé12 —2€-p2315+p§315 Pé12 rors
P2
where z = zg12, @ = —26.(;% . The third is a Rgg—type contribution,
2612
T2 = Au(P5,0m—T1) A (B~ 00,6T) —— Au(— P.2,3.0) L L
=4 yHWERYTAL) T o, ., o5 YU\tL,7LtR,V, A\ 74403 = — 0 5 5 P
* _2£'p513+p§13 P361 —2@172325"‘173315 P61 -
P2;
where z = z561, @ = —%%ET . The fourth is a R%}l—type contribution,
2561
T = Ay(5.61,0)—— Au(2,3.00,—01) L Al —TnA—P) = 1
= A4\ 9,0,1, A4yt Ry, —AL ) 75, . o5 YU\GL,TLtRy% = o) . 92>
2 P61 —20 - pag + P34 PEe1 —20 - pas + p3s
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2
where z = 2561, & = 5223—. Finally the fifth is a Rggvl-type contribution,

T 20pas
T0P)—t 5 - 1 11 1
T35 = Aa(610P) 5 Ao (P, —(2345) = ——— <2+2+2>
(Pe1+0) (Po1t0)* \Pyyy Py (—E4P2s) £2=0,z=24
1 1 1 1 1 1

%,
—20-pa3a5+p3aa5 —20-Pa3+p3s

= —-— 4+
—20-p2345+P3345 Doy + —20-p2345+P3345 Dy 4
61 61

—_ 79 Q Q
=Tos 1t 15521705 3,
R
where z = 2.

For tree diagrams of ’7?59, there are in total six contributing terms. The first is a

R% o-type contribution,

PPN 1 o~ 1 ~
Tot = Au(3, P, lr, —LL) s—Aa(lr, —lr,1,2)5—As(—P,4,5,6)
—20-pyp + P55 P123
B 1 1
= "o 2 2 ’
20 Pgise T Pygse P23 1o
2
where z = 2193, a = _2512 . The second is a R% o-type contribution,
P12 {2193 ’
o ~ 1 ~ o~ A 1 ~
752 :A4(P767£R7_£L) g P A4(€L7_£R7172)TA4(_P7 3747 5)
—20-ppg + Ppg P12
B 1 1
= "oy 2 2 ’
20 Pgise T+ Pygse P2 rors

2

where z = zg12, a = —25212 . The third is a R%J—type contribution,
2612
75% = A4(67T 27 ﬁ)zi-A4(37Z’ ZRa _ZL>;2A4(ZL7 _ZRa 57 _ﬁ)
De12 —20-py + g
1 1

 Phip —20pgy + Pig

2612

2
— Ps
20-py;

. The fourth is a R% 1-type contribution,

2612

where z = zg12, «

1 SUPUN 1 P
Tat = Aa(5,6,1, P)——As(3,4,lp, — 1) Ay(lr, —lr,—P,2)

D561 —20-pgg + pgz

! 1
P31 —20 Py + pgz

2561
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2

p '~
where z = z o= 5,32
5615 Wopy;

. The fifth is a R’z ;-type contribution,

2561
- 5 1 = -~ 1 1 1 1
T = A,(12,6,P)—— Ag(—P,—£3356) = —— | ——+——+ >
? (P12+€)? (P12+£)? p§15 p§56 (—=t+pa3)° £2=0,2=z7,
1 1 1 1 1 1

= | | +
_2€-p3456+p§456 pgzs o _2€'p3456+p§456 pZZL\SG o _2€'p3456+p§456 _Zngz_i_pgz A
12 12 1

—_ 79 Q Q
= Tas 1+ T35 21 T35 3

where z = zf; Finally the sixth is a Rgg,l—type contribution,

~ ~ 1 ~ ~ 1 1 1 1
Tag=As(5.6,1,2.6.) (p5612+€)2A4(_P’_€7374): (Z)g(ﬁ+l)éiz+ (€+V12)2> (Pse12+£)* £2=0,2=—25,
1 1 1 1 1 1
= _2£.p34+p§4 % _Z§4+ _2£'p34+p§4 p?sz _254"’ _2€'p34—|—p§4 _2£'p3156+p§256 e
57?3%,1+7§%,2+7?3%,37 (3.19)
where z = —24,.

For tree diagrams of 7:19, there are in total five contributing terms. The first is a
’R% ,-type contribution,

o~ o~ 1 ~ o~ 1 ~ 1 1
TQ - A4(P717€R7_£L 7A4()€L)_£R7273)7A4 _P747576) = —77
. )*%Tﬁﬁw%ﬁ Plas ( —20-pas61+Pis61 Plas
2
where z = 2193, a = —2523;3. The second is a R% 1-type contribution,
T2 = Ay(1.2.3,P)—— A (05,00~ 1) ——— Ay~ 5,6, P) = — L
= A4\ 1,49, S5 SU\TIAR, AL )T 5, o YU\LL,TtR,0,— = 5 T o, 95 )
42 Plas —2€~p15+p%5 Plas _25'1725"'79%5 1as
2
where z = z193, a = 25;2 - . The third is a R%’l—type contribution,
2123
T = Au(612,P)—— Au (A5, 0m0—01 ) Ay~ P 3) = — !
= AA44(0,1,4, 5 YU\ HIAR,TAYL )5, . 9 YHU\tL,TtR,— 4, = 5 T 5, . 9 )
* Pi1a 72€‘p15+p%5 Pé12 72€-p15+p%5 ora
2
where z = zg12, @ = 25252 - . The fourth is a R%}l—type contribution,
2612
TS A(56T13)1A(Z Plg,—0L) ! Ay(ly,~1g,2.3) ! !
= A4(9,0,1, o U\ HTLOARTAL) T, 5 YMU\PL,T R4, = 5 T 57 ., 9
“ pg61 —2£-p113+p§13 p%ﬁl —25'274561‘1‘]9421561
2
where z = z561, a = —25_;323. The fifth is a Rhl-type contribution,

E%:Aﬁ(G,T7233,£aﬁ)

~ ~ 1 1 1 1
A4(*P,*£,4,5): <2++ >

3 ) 3 2
(po123+L) Pigy Piyy  (U4+p23)* | (Pe123+L) Y
o 0 1 1 1
—20pastPis Py |- —20PastPis Py | —20pastpis —2LPase1tPise:
45 45
E'ng,ﬁrﬁ%g*ﬂ%&
where z = —z;.

17 -



For tree diagram of 7:,,9, there are in total five contributing terms. The first is a
R% 1-type contribution,

~ ~ 1 ~ o~ 1 ~ o~ s 1 1
Tt = As(1,2,3,P) 5—Au(5,6,(r,~ 1) —;—— Aa(lr,—lr,—Pd) = :
Plas —20-pss+pig Plag —2£-ps6+D3e
2
where z = 2193, a = 25;656. The second is a R% 1-type contribution,
E%:A4(6,T,2,ﬁ)%A4(5,—ﬁ,ZR,—ZL)%A4(?L,_ZR,3,Z):QL% 5
Dt12 —2€-p5ﬁ+p5ﬁ P12 —20-Pseto Py, orn
2
where z = zg12, @ = —25?9‘;2 . The third is a R%}l—type contribution,
2612
T=Au(5.61.) o As(—P2.0p ) Ayl T3 D)= !
53 —4(9,0,1, o U\ L4 R, AL ), 5 ML,y bRy ) = s o 5 9
P361 —%%ﬁﬂﬁﬁ P61 _2£'p5ﬁi2+p§612 oo
2
where 2z = z561, a = —25‘;2 . . The fourth is a R%Q-type contribution,
2561
72’)% - A4(5767ZR7_ZL)%A4(ZL7_ZR7T7ﬁ)%A4(_ﬁ727371> = ! 2 21 )
—20-ps+p3e D561 —20-ps6+P36 P561
2
where 2z = z561, a = 25;656. The fifth is a R’; ,-type contribution,
~ o~ ~ 1 1 1 1
TQ:AG(_£7576a1527P)7A4(_P73a47€): ——+—=—+
” (ps612—1)? Pl Papy  (056—0)? | (pse12—L)? R
B 1 1 N 1 1 N 1 1
_2€'p5612+p§612 pg(ﬁ Lt _2£'p5612+}7§612 pzTZ 4+ _2£'p5612+p§612 —2f~p56+p§6
34 34
57-5%,1‘”—5%72"‘7-5%,37
where z = —2;4.

For tree diagrams of TGQ, there are in total six contributing terms. The first is a
R% 1-type contribution,

~ ~ 1 ~ A 1 ~ 1 1
Tt =A1(1,2,3,P) 5 Ay(6,—Plg,~lr)————As(lp,~lpA5)= 55— )
o Pios _%'psﬁ"‘pzﬁ Plas _25'176?23"’1762;123 128
2
where z = 2193, a = —Jﬁ;ﬁ . The second is a R% 1-type contribution,
45 1z123 ’
TQ— Au(61,2,8)—— Ay(— P 3,0 Ay(Fy,—TpA,5)= — L
=40, 1,4, 5 U\ T L OXR, L) TS, 5 A\ XLy,TARED )= T o 5 )
o Pira —20p,p+p3 5 Perz —20Psia PG |,
2
where z = zg12, a = —2545 . The third is a R% o-type contribution,
Pas | 2610 ’
T2 = Ay(6.00m—lr)———— Ay}~ 2.P)—— Ay(—P,37,5) ! !
= 4 77R7_L7 4 Lﬂ_R77 N 4_ R B = ~5, . 9 o5
o _26'1’6?4'1’% Pé1 -2t 'p6T+p?ﬁ Pi1

2612
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2

p '~
where z = zg12, @ = 5,81
612, 26pgy

. The fourth is a R% o-type contribution,

2612
T = Ay(6,1,0n—00)———— Ay (0=, P.5)—— Ay (—P.2,30) ! !
= 4 b ) R7_ L a7 92 4 L7_ R7 b 5 4 - b ) = T4, . . 5 o5 b
o *%Paﬁpﬁf P361 *2€'p6i+pzi P61 .
2
where z = z561, a = 25%% . The fifth is a ha-type contribution,
2561
~ 1 ~ ~ 1 1 1 1
TQ = A4(_£7671ap)7A6(_P727374a57€) = — |3 t5t7
. (po1—0)? Por=0° \Poq Pizs (493s)* )| o,
1 1 1 1 1 1

+
“2partpi Py |, ~20Pertpi P | —20Pertpi 2Pty |

= 7?3%,1"‘7%%,2‘*‘7%%,37
where z = zg,. Finally, the sixth is a R’; ,-type contribution,

1

(p6123 — £)2A4(_P7 47576)

T2 = As(—£,6,1,2,3, P)

B 1 n 1 n 1 1
pzfz p%zg (= +pg7)? | (pe123 — £)*
1 1

—20 - pe123 + 1%123 p§T2

2 __ — +
02=0,2=—2z;

1 1

—20 - pe123 + Piiog p%23

+ +
%45 245

1 1
—20 - pg123 + Di1og —20 - Pet + pgi

_F

+
245

_ 79 Q Q
=Teo1 + Too2 T Tec.3 -

where z = —ZI5.
All the above results in total generate 48 terms. As is done for ’Tlg, it can be checked
that, the 4 terms with un-deformed momenta

1
[2(7—1%,3 + 7-2%,3 + 721%,3 + 73%,3) (3.20)
- 1 ) 1
02(=20 - p1o + p2y) (=20 - proga + Piosy)  C2(—20 - pag + p33)(—20 - pagas + D3ay5)
1 1

+ +
(=20 pas + pis) (=20 - paser + Piser) (=20 ps6 + P36) (=20 - Pss1z + Pier2)
reproduce the 4 four terms in the first line of (3.3). While

1
02(—20 - p3q + p3,) (=20 - p3ase + Pyse)

1
(T3 + Ti3s) = (3.21)
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and

1 1
52( 65,3 66,3) 52(—26 - Pl +p%1>(—2£ - D6123 +p%123) ( )
reproduce the other 2 in the first line of (3.3).
For the comparison of the second line in (3.3), we have
1
TR+ TI+TE+TE+ TR+ T3+ T8+ T1%) (3.23)
B < 1 N 1 ) ( 1 N 1 )
(2(=20 - pa3 +p33)  L2(—20-pase1 + Pise1) ) \Piss  Pher
N ( 1 N 1 > < 1 N 1 >
02(=20 - psg + pkg) (=20 p1asa+ Ploss) ) \Piaz  DP3a)
as well as
1 1
TS T+ TS+ T8 + (T + Ty + T3 + TS
B 1 ( L1 > . 1 < Lo >
(=20 p12+ply) \Pous  Pise (3(=2C - psase + Plase) \Pias  Plsg/
(3.24)

and

1 1
(T8 + Ty + T+ T + (T8 + T+ T§ + Ti2)

1 1 1 1 1 1
= + + + :
02(—2€ - p3y +p§4) (p§61 P§12> 02(—20 - pse12 + p§612) <pg61 p%12>
(3.25)

and

1 1
TS+ T+ TS+ T + (T8 + T + T8 + Te2)

1 1 1 1 1 1
= + + + :
02(—2€ - pas +P4215) (Pglz P%23> 02(—2¢ - pe123 +p§123) <p%12 P%23>
(3.26)

and

1 1
(T8 + T+ T + T + (T8 + Ty + T§ + T2)

1 1 1 1 1 1
= + + + .
£2(—2L - pe1 + P%ﬂ) <P§34 p§45) 02(—2¢ - pa3as + p§345) <P%34 P:2545>
(3.27)

Thus we confirm the equivalence among results of Feynman diagram method, 9O-cut repre-
sentation and recursive formula (2.33) term by term. In fact, by cyclic invariance, we can
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)
)

)
~3)

1 4 4 3 4 ¢ 3 4 -

(c) (d)

Figure 2. Non-vanishing diagrams for (a) T1(¢, —¢,1,2,3,4), (b) T2(¢,—¢,2,3,4,1), (c) T3(¢,—¢, 3,
4,1,2), (d) T1(¢,—£,4,1,2,3), under py,p3 BCFW deformation.

rewrite the integrand (3.3) as

If{ 1 . 1 < 1, >
(2(=20 - p1a + ply) (=20 - praza + plasy)  2(=20-pra +pl) \ Py DPiss

1 1 1
+ + + Cyclic{1,2,3,4,5,6) . 3.28
02(=20 - p123a + Piasy) (P%zzz, p%zs) } { J (3.28)

Then the recursive formula of tree diagram 7 <(¢, —¢, 01, 09, 03,04, 05, 06) reproduces the
result under the same ordering in Z7. For instance, result of T<(¢,—¢,1,2,3,4,5,6) re-
produces the above result in the curly bracket.

3.2 The one-loop four-point amplitude in scalar ¢3 theory

Let us now discuss the integrand of one-loop four-point amplitude in color-ordered scalar
@3 theory, so the tree diagram 72 have four contributions, denoted as

T2 = T,2(0,—0,1,2,3,4) + T,2(¢, —£,2,3,4,1) + T2 (0, —£,3,4,1,2) + T,2(¢, —£,4,1,2,3) .

(3.29)
The momentum deformation is taken as
Pi=p+zq, DPz=p3—z2¢, q¢p3=¢=0.
Under the given momentum deformation, each 7;9 has two non-vanishing terms,® as shown

in figure 2. Recall that the integrand of one-loop four-point amplitude in scalar ¢ theory,
after partial fraction identity, is given by [2]

1 1 1 1 1 1
77(1,2,3,4 :(+) ( +>+c clic{1,2,3,4} .
( )= —20-p1 ply) —20-pra+pi, \20-ps Pl yelic{ ( J |
3.30

®Since the one-loop integrand Z$ = T = 0, the contributions to R%,h R%Q will be zero. However, all
Re1, RB1, RE1, R 2 R, RE 2 will contribute.
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We want to show that, the integrand given by recursive formula (2.33) is equivalent
to (3.30), up to certain scale free terms.
Let us start by computing the two diagrams in figure 2(a). The four-point tree ampli-

tude is
Ay(1,2,3,4) 1 + 1 (3.31)
4\1, 4,9, = R .
(p1+p2)*  (p2+p3)?
and let us define
o EUepotply, L Eepuph _ 2p_2epy
12 2q- (pr2+4) i 2q - (pa1 £4) 2q -0 2q - /¢
(3.32)

The first diagram gives a R’Bg—type contribution,

1
—20 - p1a + p?,

_( L, 1) 1 ( Lo, 1>
—20-p1 Piy) —20-pra+pia \20-ps Py

71% - A4(7£a/1\’27f)) -’44(7?’/3\747‘6)

9 Q Q Q
=Tia+ T2+ Tiis+ Tiia

(3.33)

where z = 2[5, and 7'1% denotes the four terms after expanding the result. The second
diagram gives a R, ,-type contribution,

1
—20-;

1
20 - P34 + D3,

71% = "43(_&/]-\5 ﬁ) A3(_ﬁ)2)Pl) A4(—Pl,§,4, O[f)

: (3.34)

I 1 ( 1 +1)
—20-p1 —20-Pra + D3y \a(20-ps) D3,

Z=Z1,0=Qx12

where ﬁ,P’ are understood to follow the momentum conservation of each sub-ampli-

tudes, and
~2 ~2
P34 P12
a2 = — — = — 3.35
20-p3a 20-pr2|,_, (8:35)
In fact, when substituting a;9 back in 7'1% we get
o 1 1 —20 - P12 + P2y 1 1
Tis = 5 | T3 + =
—20-p1 =20 - P12 + Pis p12(2€ : p4) 20 - py P34/ =2,
1 1 1 1 1 1
= =2 + =~ =2 + =
—20-py p12(2€ “pa) =2 =20 -p1 =20 -p12+ Py \20-ps D3y 2=z
(3.36)
Note that
e 2K -/
Phola =ph 2120 p2) = 5 0 Ki=(ph)a— (20 pop (3.37)
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so the first term in (3.36) is a scale free term and can be ignored. Hence we have four
terms from 7'1% and two terms from ’7'1% and we want to compare the sum %2(7'1%1 + 7'1%2 +
Tl%s + Tl%; + Tl%l + Tl%z) with

1 1 1 1 1 1
|\ =+ = +—— =7, +7,+ T, + 77, . (3.38
02 (—25-171 p%2> —2€-p12+p%2 <2€~p4 p§4> 1,1 1,2 1,3 1,4 ( )

To see the correspondence explicitly, firstly we have

T2+ T3, (3.39)

1 1 Lo, 1 1
—20-py —20-p12+piy 20-py —20-p1 —20-pr2+p3y 20-ps

%12 z1

1 1 1 1 1
= +
<(_2€'P1>+)\(—2£'P12+p%2) (=20-pra+pty)  (—20p1) (—25'10124-20%2)‘*‘(_%'101)/)\> 20-py
1 1 1
—20-py —20-p12+piy 20-py’

2q-¢

D) and in the last line we have used the identity (3.17). So we see that

where \ =

1
ﬁ(ﬂ% + 7—1%1) = Ilj,rl . (3.40)

Next, we have

lro gr 11 1 I S N
027113 ; 02 ﬁ%2 —20 - 1o +p%2 20 - pa - p%Q =20 - p1a+ p%Q 20 - py
2q - p12

- Kz = (pYy)q — (24 S (341
2K - 0) (20 pa)p2y’ 12=(ph)a— 2q-p2)prz - (3:41)

So 5%7-1%3 is equivalent to If 3, Up to a scale free term. Similarly,

F s & I U N U I S S
O TR 2\ Py =20 pr2 + Py Dl PRa —20-pi2+ Py
_(2¢-p12)(2¢-0) (2¢-p12)®> 2q - p12 (3.42)
2Kz - 0)%p1,  (2K12-0)2pi,  (2(2K12 - 0)(pF,)?
which is also a scale free term.

Finally, we have

1

[2(7-1%2"'7-1%,2)_1{2 (3.43)

1 1 1 1 1 1 1 1 1 1
=5 = 7| T == 5| SR
l —20-py —25'p12+p12 P34 25 —20-py —2€'p12+p12 P34, —20-py _2€'p12+p12 P34

_ 1 (p%Q(Zq-p12—2q-£)2(2€~p1)F3+p%2(2q~€)2(—2€-p12+p%2)F2—F1F2F3 )
PRo(=20-p1)(—=20p12+pis) P12 Fy

62

(24-p12)®
22K, -0)(2K12-0)p3y
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where

Py =pth(2q-0) — (20 p1) (2 - p12) — (20 p2)(2q - ) (3.44)
Fy=2K1y- £ =piy(2q-£) — (20 p1)(2q - pr2) — (20 - p2)(2q - p12) , (3.45)
Fy = 2Ky - £ =piy(2q-£) — (20~ p1)(2¢ - pr2) - (3.46)

Thus we conclude that

2q - ¢ B 2q - p12 (29 p12)(2¢- 0)
C(=20-p1)(2K1 - €)(20-ps)  P(2K12-€)(20-pa)ply 22Kz - £)%pl,

1
Fgﬂg =1{ +

(2¢-p12)* 2q - p12 B (29 - p12)°
C(2K12 - 0)%p7,  ((2K12-0)(pFy)* (2K - 0)(2K12 - O)pi,

It confirms that, the result of recursive formula (2.33) is equivalent to the result of Feynman

_l’_

diagram method, up to some scale free terms.

The same computation can be applied to tree diagrams 759, 7§Q and ’EQ. For TQQ, we
have two contributing diagrams as shown in figure 2(b), and we get
1

—  _ M(-P,—123
20 - py1 + p3; 1 )

7-2% == -A4(47/1\7£7ﬁ)

= 75%1 + 75%2 + 75%3 + 75%47

_( 1 1> 1 ( L, 1)
20-D1 D3y ) —20-pas+p3; \—20-p2 D3y

Z+
41
(3.47)
as well as
T2 = As(1,¢, P Ay(—al,2,3, P\ —————  A3(—P' 4, —P
9 = AT, P) 5 A T e )
2 - ¢ 1 < 1 1> 1
(2K7-0)(2€-p1)(2-p2) ~ 20-p1 \ =2 pa P33 ) —20-Paz + Pag ., (3.48)

where K| = (p%?))q + (2¢ - p23)p1,

The first term in (3.48) is scale free, while the second and third terms are denoted as
75%’1, 7‘2%2. The result Z%EQ is equivalent to

1 1 1 1 1 1
- 4= +— =2, + ], + T+ T, (3.49
& (—25-192 p§3> —2( - pa3 + pis (25'201 p§1> 2t Bzt Lot gy (349)

up to some scale free terms. To see this, we have

1
2T+ T51) =T, (3.50)

1 2 -

79 _ T q-Pp23 Kox = (02)a — (24 -

627;1’3 22T 2(2K3 - 0)(20 - pa)p2s 23 = (p23)q — (2¢ - p23)p2s ,
(3.51)

1 2q (2¢-p2s)® (20 p2s)(2q-0)

T _7F 4q - P23 q-p23 _ &g - Pp23)laq 3.59

pae = T (2(2Ka3 - 0)(p33)®  (2(2Ka3-€)%p35  (*(2Ka3 - 0)%p3y (352
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and

(2q - p23)?

7, .
(751 2T 75 2) = 22K - 0)(2Kas - )pdy

(3.53)

Thus confirming the equivalence.
For tree diagram 759, we have two contributing diagrams as shown in figure 2(c), and
we get

1 ~ —
— — Ay(—P,—£3,4
20 - p1a + p3y 4( )

_< . 1) 1 < . 1>
20-py  ply) —20-psa+pi \—20-D3 Pl

T2 = A4(1,2,0,P)

= 75%1 + 75?2 + 73%3 + 73%4’

212
(3.54)
as well as
TS = ,43(13,4,13')%,44(—13',1 2, al) ! As(=P,—0,3)
20 - P12 + Pig -2 b3
2q - ¢ 1 ( 1 1 > 1
— + — — + = | — . 3.55
(20-p2)(20-p3)(2K3 - £) ~ —20-P3a+ D3y \20-p2  Piy) —20-p3|,, (3.55)

where K3 = (p3,)q — (2¢ - p3a)ps,

Again the first term in (3.55) is scale-free, while the second and third term are denoted as
7;3’1, 7?,32 The result 2%73@ is equivalent to

1 1 1 1 1 1
1 L b n T+ T+ T+ Ty, (3.56
4 (—25'193 P§4> —20 - p34 + p3y <2f'p2 p12> s2 Bt Ina, (350)

up to some scale free terms, which can be confirmed by

1
?2(73(17)1 + 75%1) I3 15 (3.57)
2q - p3a 2
K3y = —(2¢q-
751 2 62(2K34 020 po)p3, 34 = (p34)q — (2¢ - p3a)p3a
(3.58)
2q - p34 (2q - p3a)? (2q - p34)(2q - £)
7' T3, + — , (3.59
ST AT 20K - 0)(ph)? | CRKs - 023, (2K 0)%p), (3.59)
and
1 (2q - p3a)?
(T2 QN=1], — . 3.60
62 (731,3 + 7;)272) 3,2 62(2K3 . g)(2K34 i £)p§4 ( )
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For tree diagram ’7:19, we have two contributing diagrams as shown in figure 2(d), and
we get

1 ~
. A(-P23y
—20 - py1 + ph i )

1 1
frnd +/\7
(—26-194 p?u) =20 - py +p41<2€ D3 pQg)

T = Ay(—£,41,P)

= 721%1 + 721%2 + 7:1%3 + 7:1%47

(3.61)

as well as

1 AN AN
— A3(—P’,2,P) As(—P,3,7)

TQ = Ay(—al,41,P)— —

2€ D3
2 -1 < 1 1 > 1 1

— + + - — —= 5 362

(20 -p4)(20 - p3)(2KY - 1) —20-py  D3y) —20-pu + 3 20 p3 o (3.62)

where K = (p3;)q + (2q - pa1)ps,

The first term in (3.62) is scale free, while the second and third terms are denoted as
723,17 7]32. The result K%EQ is equivalent to

1 1 1 1 1 1
lr .1 + I+ T + Th + Ty, (3.63
e (-25'194 p?g) —20 - py + pi <2€'p3 p23> i 809

up to some scale free terms, which can be confirmed by

1
H 8+ T8 =1, o0
110, =1, 24 b Ky = (Pf1)q — (24 pan)p
@l = e T BeR T h e py, B e
(3.65)
1 2. (q-pu)  (2q-pi)(2-0)
1o _77 q-pa1 9 pa _ 29 P RAq 3.66
6272“74 4.4 22Ky ‘5)(1)4211)2 2(2K 4y .g)2p§11 22Ky .£)2pil , (3.66)
and
1 (2q - pa1)?
62( 43T Ti50) 4,3 02(2K% - 0) (2K 41 - O)p3y 00

The above detailed computations shows that, the result of recursive formula (2.33) is
equivalent to the one of Feynman diagram method up to some scale free terms.
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3.3 The one-loop four-point amplitude in Yang-Mills theory

Now let us take a quick glance on the well studied example, the one-loop four-gluon all
plus helicity amplitude A'1°°P(1+ 2+ 3% 4%) in planar Yang-Mills theory. The integrand
of the original Q-cut representation, after dropping some scale free terms, takes [1]

[1 2][3 4] (u* — £2)?

(12)(3 4) £2(20 - p1)(pty — 2¢ - p12)(—20 - pa)

From the perspective of recursive formula (2.33), the tree diagram 7€ is a sum over

7° ~

+ Cyclic{1,2,3,4} . (3.68)

four tree diagrams, denoted as
T2 = T,2(0,—6,17,27, 37 4%) + T2(¢, —£,2%,3% 4% 17)
+ TR0, —0,3%, 47,10 2 £ TR0, —,47 1% 27 31 . (3.69)

To compute 'EQ’S, we should choose an appropriate momentum deformation. Different
momentum deformation leads to different factorization of these tree amplitudes. Although
the final result will be the same, the intermediate terms will be quite different. We can
choose a deformation such that the computation is as simple as possible. Furthermore, the
four ’7;@’8 are in fact independent, so each 7;9 could have its own momentum deformation,
which makes the computation more flexible. In the following computations, we will take
advantage of this freedom.

Let us now take 7,2(¢, —¢,1%,2% 3%, 4%) as example, and assume the internal loop to
be massive scalar for simplicity.® Let us choose the following momentum deformation,

2)=12) —=23),  [B]=3]+2[2]. (3.70)
Since by definition the one-loop integrand I3Q = 0, we get only one R%’Q—type contribution,

1

T2 =N"A(—¢5, 1t 2t Py — —
! Z ( )p%2_2€'p12

h

A(=P~" 3% 4% %), (3.71)

where the helicity sum is over all possible states (4, —, s). From the results of tree-level
amplitudes in [2], we get the non-vanishing contribution

A(_€s71+,’2\+’ﬁ5)7A(_ﬁs,§+,4+’gs> _ [2 /1\] :“2_£2 1 [4 3] /1«2_62
Piy—20-p12 (1 2) (1|—L[1] pfy—2L-p12 (3 4) (4]€]4]
(3.72)
2
where z = %. Using the momentum conservation identity
S~ _ s POPIIN 2 43 _ 21 _[43
p1+p2=—(P3+ps) = (p1+p2)” = (D3 +p1)” — 13" "0y (3.73)
we instantly get
1 2][3,4] (u* — £2)?

TC = (3.74)

(12)(3 4) (—20-p1)(py — 20 p12)(20 - pa)

5Tt is massive in 4-dim, but null in higher dimension.
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So K%’]EQ equals to a term in (3.69). Similarly, the BCFW deformation
7-2Q(€> _Ev 2+>§+7Z+71+)ﬂ 7?’,9(67 _£> 3+7Z+7T+72+)7 EQ(& _Ev4+)/1\+7/2\+73+)

will produce the other three terms respectively. This simple example is illustrative to
show how the terms computed by recursive formula (2.33) are corresponding to the terms
computed by the original Q-cut representation.

4 Conclusion

In this note, we have taken initial steps for constructing one-loop integrand by combin-
ing the BCFW deformation and the O-cut construction. We have obtained a recursive
formula (2.33), where the one-loop integrand is given by one-loop integrands with lower
number of external legs, and tree-level amplitudes. We have presented explicit examples
to show the equivalence of our result with the one given by Feynman diagrams and Q-cut
representation, up to scale free terms.

There are several possible applications of the recursive formula (2.33). The first one
is to consider the one-loop factorization limit AtLreeAEIOOP + AEIQOPA%QG + AreeSAfEee Tt
is easy to see that, in the recursive formula, R% contributes to the first two factorization
limits, while Rz% contributes to the third term. The R% part contains six terms, so naively
the kernel § could be very complicated. However, it could be the case that some terms do
not contribute, or their contributions simplify a lot in the factorization limit. It would be
interesting to investigate if we can find some compact form for S or not. Using the recursive
formula, we can also study the behavior of integrands in certain limits, for instance the
single/double soft limit and the one-loop split function. It is also possible to study the
rational part of one-loop amplitudes when constructed using 4-dimensional unitarity cut
method, especially if we could write down some recursive relation for the rational part,
based on our formula. Finally, generalizations to higher loops and massive external legs,
which are a very important open questions in the original O-cut representation, deserves
to be investigated along this direction as well.
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