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The finite-size scaling functions of thermodynamic functions in anisotropic systems have
been shown to be dependent on the spatial anisotropy [X.S. Chen and V. Dohm, Phys.
Rev. E 70, 056136 (2004)]. Here we extend this study to the correlation length £|| of the
anisotropic O(n) symmetric ip4 model in an L d _ 1 x 00 cylindric geometry with periodic
boundary conditions. We calculate the exact finite-size scaling function of correlation
length £|| for T > Tc in 2 < d < 4 dimensions and in the limit n —> 00. The finite-size
scaling function of f || is dependent on a normalized symmetric (d — 1) x (d — 1) matrix
defined by the anisotropy matrix of anisotropic systems .
Keywords: Critical phenomena; finite-size scaling; anisotropic systems.

1. Introduction
The finite-size scaling ansatz in the critical phenomena of confined systems was
introduced by M. E. Fisher. 1 It has been applied widely in the different parts of
physics.2 The notion of universality is of fundamental importance to the physics
of critical phenomena, both in bulk and in confined systems. For d-dimensional
systems with an n-component order parameter, the asymptotic bulk critical behavior
is characterized by universal quantities (critical exponents, amplitude ratios and
scaling functions) that are independent of microscopic details. The universality is
classified by (d,n). (See, e.g.,the review article. 2 ) The universality of the finitesize scaling1 in confined systems has been hypothesized, 3 except that the finite-size
scaling functions depend on the geometry and boundary conditions.
Specifically, it was predicted that the singular part of the reduced free energy
density of a confined system with characteristic size L had the asymptotic (near
'Dedicated to Prof. Bambi Hu on the occasion of his 60th birthday.
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fa(t, h, L) = L-tYidtL1'",

C2hL^'v),

(1)

where t = (T — Tc)/Tc is the reduced temperature. The finite-size scaling function
Y(x, y) was supposed to be universal and depends on only the dimensionality d of the
system and the number n of the components of the order parameter, apart from the
dependence on the geometry and on the boundary conditions. Thus the two factors
C\ and C2 were predicted to be the only nonuniversal parameters that depend on the
microscopic properties of the system. This is parallel to the hypothesis of two-scale
factor universality in the bulk critical phenomena. 2 While other thermodynamic
quantities of confined systems can be derived from (1), correlation lengths such
as £|| are independent quantities to be derived from correlation function or from
subdominant eigenvalues of transfer matrix. 3,4 An analogous hypothesis was made
for the correlation length £|| (t, h, L) in an Ld^1 x 00 cylinder3
£ll (t, h, L) = LXidtL1/",

C2hl/s/v),

(2)

with an independent universal scaling function X(x,y) and with the same nonuniversal parameters C\ and C2 as in (1). The correlation length £|| constitutes the
basic length scale of the order-parameter correlation function in the longitudinal
direction of the cylinder.
One possible source of nonuniversality is the lattice anisotropy which is known to
be a marginal perturbation in the renormalization-group sense, thus a dependence
of the asymptotic critical behavior on anisotropy parameters cannot be excluded
a priori. For example, it is well known that there exist different bulk correlation
length amplitudes in the different directions of the principle axes of an anisotropic
system. It was widely believed, however, that such anisotropy can be eliminated
by an anisotropic transformation of length scales3.5*6.7*8.9*10*11*12*13*14*15 which then
restores isotropy and thus relates the asymptotic critical behavior of anisotropic
systems to the universal critical behavior of isotropic systems within a given (d, n)
universality class.
It has been demonstrated 16 that the universal scaling form (1) is not valid for
general anisotropic systems. In the present paper we will specify the finite-size
scaling form of the correlation length £|| by the exact result of X =
£\\(t,L;A)/L
in 2 < d < 4 dimensions and in the limit n —> 00. Exact results in the largen limit have been derived previously by Brezin 17 for the case of a simple-cubic
lattice with isotropic nearest neighbor interactions corresponding to A = 1. For
isotropic field-theoretic models, £|| has also been calculated for finite n within the
e = 4 — d expansion. 18 Here we study the case n —> 00 with a nondiagonal anisotropy
matrix A. Instead of the universal scaling form in Eq.(2) we shall find that the
correlation length £|| has a nonuniversal scaling form with an intrinsic dependence
on the anisotropic matrix A that cannot be eliminated by a transformation of the
length L.
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Most of the previous studies of lattice models were focussed on the amplitude
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X(0,0) = ^(0,0, L)/L

(3)

at the bulk critical point t = 0 and h = 0, as reviewed in 2 ' 19 , since this amplitude
was predicted to be universal. 3,4 In most cases there was no anisotropy effect on
X(0,0) because of the cubic symmetry of the underlying models. A few of these
studies were performed for models with anisotropic nearest-neighbor couplings on
simple-cubic lattices 4 - 12 or with isotropic nearest-neighbor couplings on a noncubic
lattice. 3 In these cases the anisotropy effect of X(0,0) could be absorbed completely
by a rescaling of lattice spacings or of the length L.
2. Correlation Length
Within the spatially anisotropic O(n) symmetric ip4 Hamiltonian
H(r0,u0,A;A;V;ip)

r

0

= / dax
Iv

2 , V^

A

*&

difi

difi

2 2

(4)

for the n-component order parameter <p(x) in 2 < d < 4 dimensions, we shall show
that the amplitude in Eq.(3) is nonuniversal for the nondiagonal matrix A in the
limit n —> oo, even after a rescaling of lengths. For simplicity we consider a Ld~x x oo
cylinder with periodic boundary conditions in the d — 1 horizontal directions. The
d—1 horizontal and vertical coordinates are denoted by y and z, respectively, with
x = (y, z) .
The order-parameter correlation function (divided by n) of the confined system
for T >TC and h = 0 is defined as
G(y, Z ) = ^ ( x ) # ) >

(5)

where < ... > denotes an average with the statistical weight oc exp(-H). The
field i/?(x) can be represented as y>(x) = L~( rf_1 ) V f ^ e l k ' x , where the Fourier
components ip^ = Jv ddx i/3(x)e~*k'x with k = (q,p). The sum ]P runs over (d— 1)dimensional q vectors with components qa = 2mna/L,ma
= 0, ± 1 , ± 2 , . . . up to
some cutoff A.
Parallel to the isotropic case 20 , in the limit n —> oo at fixed UQU we have

G(y, z) = L-^-1^ J2 I [G(O)-1 + k • A • k ] _ 1 e ik ' x ,
q

(6)

J

P

with k • A • k = Y2a 8 Aafikakp. The susceptibility G(0) is determined implicitly by
G(O)- 1 = r 0 + luonL-^-V

^

f

[G(O)-1

+ k•A •k

(7)
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In the following we omit the effects related to the cutoff A and take the limit
A —> oo. Using the Poisson formula21 Eq. (6) becomes

£

G(y,z)

G(O)"

ik-xmL

k-A-k

(8)
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with x m £ = (y + m l , z). After the integration we have
G(y,z) = (detA)' •

i/2v!KJG(oa
v

mLl

(9)

Id—2

with | x ^ L | = VxmL • A " 1 • x m L and $(x) = (2Tr)~d/2x(-d~2^/2K^d_2)/2(x)
where
Kv{x) is the modified Bessel function.22 From the large-£ behavior of Kv(x)2S we
obtain the asymptotic behavior
-Ix^lGCO)- 1 ^
g
1 2
(10)
( y ^ ) ^ E u./ |^( d-- m
l ) / 2, • N » G ( 0 ) /
'ml

Finally we obtain the correlation length £i i as
e||(t,i)_1 = -

lim
\z\—»oo

-^logG(0,z)

6(0)/^-%

-1/2

(11)

£

In the asymptotic region with L » A 1 and 0 < i < C l , From Eqs.(7) and (11)
we obtain an asymptotic finite-size scaling form of the correlation length

£||(i,L; A) = L'/KA-^^fiL'/tiU-M

(12)

where V = ^ / ( d e t B ) 1 / 2 ^ - 1 ) and the bulk correlation length ^'bulk = ^ ( A ) ^
with v = l/(d — 2) 16 . The (d — 1) x (d — 1) matrix B is defined as Bap = Aa/3 AadAdf3/Add,
a, (3 = 1,2,...d- 1 and B = B/(detB) 1 /( d " 1 ). The scaling function
f(L'/£'bulk;lS) is determined implicitly by

f

2-d

{L'liLlk)1,v

4-d
47T 2 A d J 0

"

ds( 7 r/s) 1 / 2 P(s,B)e - / -

!

*/4ir-!

(13)

(d-l)/2
= T(3 - d/2)22-dix-d'2{d
- 2)
and P ( s , B )
("/*)
-m-B-ms
. The universal finite-size scaling form (2) is now replaced by the
Er
nonuniversal scaling form

where Ad

61 (t, L; A) = LXidtL1'";

A) = L A i / ( d - i )

1/2

/(A-%d

/(i'/eU;S).

(14)

The scaling functions f(L'/£'bulk;'B)
depends on the nonuniversal matrix B in a
highly complicated way due to the function P(s, B). Although the nonuniversal
prefactor

Add

~ /(A-1)^

could be formally adsorbed by introducing the

rescaled length L" and by rewriting C\tLxlv = C"tL" 'v with a different constant
C'i, the dependence on B cannot be eliminated. Thus the isotropy cannot be restored by an anisotropic scale transformation if the matrix B is nondiagonal. Such a
transformation is possible in the case of a diagonal matrix A with different diagonal
elements, as noted before16 for the free energy density.
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Fig. 1. finite-size scaling function f(x;w) at T > Tc with x = L'/£,'bulk > 0 in the threedimensional model, Eq. (4), with the coupling ratio w • J'/(J + 2 J ' ) = - 0 . 4 8 (dashed line) and
w = 0 (solid line).

3. Results
To illustrate quantitatively the nonuniversality of the finite-size scaling function
/(X'/££ uifc ;B) of the correlation length £||, we investigate a three-dimensional
anisotropic ip4 continuum model (4) with the anisotropy matrix A(w) as we introduced recently 16 with An = A22 = ^33 = Co and A12 = A^ = A23 = c^w.
The parameters w and Co are related to the isotropic nearest-neighbor interaction J
and the anisotropic next-nearest-neighbor interaction J ' of an anisotropic lattice (f4
model 16 according to w = J'/(J + 2J') < \ and c0 = 2(J + 2J') > 0. We will consider w in the range — \ < w < \ where ferromagnetic critical behavior exists. From
A we can obtain B with JBn = B22 = (1 + w)/\fY+~2w and B\2 = w/y/\ + 2w.
The correlation length ^|| of this system in an L x L x 00 cylinder has the
following finite-size scaling form
(iu(t,L;w) =

La(W)f(L>/ebulk;w)

(15)

1/2

where a(w) = A3'3 / ( A x )J33
(1 + 2w) 1 / 4 (l + w)-1. The finite-size scaling
functions f(x; w) for w = —0.48 and at T > Tc and w = 0 are shown in Fig.l.
4. Conclusions
In conclusion, we have investigate the finite-size scaling behavior of the correlation length £|| in an Ld~x x 00 cylindric geometry in dimensions 2 < d < 4
and with periodic boundary conditions. We have calculated the finite-size scaling
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function of £| in the spatially anisotropic O(n) symmetric ip4 continuum model
in the limit n —» oo. We have demonstrated t h a t the two-scale factor universality hypothesized by P r i v m a n and Fisher 3 is absent in the finite-size scaling function of £|| for the spatially anisotropic systems. T h e correlation length £|| of an
anisotropic system characterized by the m a t r i x A has a finite-size scaling form
£n(t,L; A ) = L [ ^ ( d - 1 ) / ( A - 1 ) d d ] 1 / 2 / ( L ' / ^ J f e ; B ) . T h e scaling function f(x;B)
is
nonuniversal and depends on the (d — 1) x (d — 1) normalized anisotropy matrix B
in a highly complicated way. T h e intrinsic dependence on B of the scaling function
f(x; B ) cannot be eliminated by an anisotropic scale transformation.
Although the finite-size scaling form of the correlation length £| in Eq.(14) is
obtained from the anisotropic O(n) symmetric ip4 model in the limit n —> oo, we
expect t h a t this scaling form is valid for systems with finite n.
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